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$m$ , $\mathbb{R}^{m}$ $\nabla=(\partial/\partial x_{i})_{i=1}^{m}$ ,
$\nabla\nabla^{T}=(\partial^{2}/\partial x_{i}\partial x_{j})_{i_{1j}}^{m}=1$ . $\det$ , $\succ$ ,
$\succeq$ . $\mathbb{Z}_{\geq 0}$ .
1. $\mathbb{Z}_{>0}^{m}$ $\mathcal{U}$ . (SGM) $\mathcal{M}$
.
$\mathcal{M}$ $=$ $\{p(\cdot|\theta)|\theta\in\Theta\}$ ,
$p(x|\theta)$ $=$ $\det(\nabla\nabla^{T}\psi(x|\theta))$ ,
$\psi(x|\theta)$ $=$ $\frac{1}{2}x^{T}x+\sum_{u\in \mathcal{U}}\theta_{u}\prod_{j=1}^{m}\cos(\pi u_{j}x_{j})$ ,
$x$ $=$ $(x_{j})_{j=1}^{m}\in[0,1]^{m}$ ,
$\theta$ $=$ $(\theta_{u})_{u\in \mathcal{U}}$ ,
$\Theta$ $=$ $\{\theta|\nabla\nabla^{T}\psi(x|\theta)\succ 0$, $\forall x\in[0,1]^{m}\}$ .
$\Theta$ $\mathcal{M}$ . $\psi$ SGM
. $\square$
$p(x|\theta)$ $\nabla\psi$ (X $|\theta$) X .
,
(Sei 2006, 2007). ( Villani2003)
.
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2 SGM
$[0,1]^{m}$ $[0,1]^{m}$ $\nabla\psi$
. , SGM .
1. $C^{2}$ $\psi$ : $[0,1]^{m}arrow \mathbb{R}$ , $\nabla\psi$ : $[0,1]^{m}arrow \mathbb{R}^{m}$
$[0,1]^{m}$ . , $\psi$
:
$(\nabla\psi(x))_{j}=x_{j}$ if $x_{j}\in\{0,1\}$ .
Proof. , $x\in\{0,1\}^{m}$ $\nabla\psi(x)=x$ . $y=\nabla\psi(x)$
, $y\neq x$ . , $\nabla\psi$ $\nabla\psi(z)=x$
$z\in[0,1]^{m}$ $x$ , $i=1,$ $\ldots,$ $m$
$(y_{j}-x_{j})(z_{j}-x_{j})\geq 0$ ,
$(\nabla\psi(x)-\nabla\psi(z))^{T}(x-z)=(y-x)^{T}(x-z)\leq 0$
. , $\psi$ , $z\neq x$
$(\nabla\psi(x)-\nabla\psi(z))^{T}(x-z)>0$
. . $y=x$ .
$[0,1]^{m}$ (face) $F$ . $\nabla\psi$ : $[0,1]^{m}arrow[0,1]^{m}$ , $\nabla\psi(F)$
$[0,1]^{m}$ . , $(\in\{0,1\}^{m})$
, $\nabla\psi(F)=F$ . $x_{j}\in\{0,1\}$
$(\nabla\psi(x))_{j}=x_{j}$ .
2. $C^{2}$ $\psi$ :[$0,1|^{m}arrow \mathbb{R}$ , $\nabla\psi$ : $[0,1|^{m}arrow \mathbb{R}^{m}$
$[0,1]^{m}$ . , $\psi$
:
$\psi(x)=\frac{1}{2}x^{T}x+\sum_{u\in Z_{\geq 0}^{m}}\theta_{u}\prod_{j=1}^{m}\cos(\pi u_{j}x_{j})$.
Proof. $\phi(x)=\psi(x)-x^{T}x/2$ . $\phi$ $(\nabla\phi(x))_{j}=0$ (if $x_{j}\in$
$\{0,1\})$ . $\phi$ $\tilde{\phi}$ ( 2)
$\tilde{\phi}(x)=\phi(|x_{1}|, \ldots , |x_{m}|)$ if $x\in[-1,1]^{m}$
$lh^{r}\tilde{\phi}$ ,
. $\tilde{\phi}$ :
$\tilde{\phi}(x)=\sum_{u\in Z_{\geq 0}^{m}}\theta_{u}\prod_{j=1}^{m}\cos(\pi u_{j}x_{j})$.
$[0,1]^{m}$ $\tilde{\phi}=\phi$ , .
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3 $(m=1$ $)$
$m=1,$ $\mathcal{U}=\{1, \ldots, U\}$ SGM , $\Theta$ .
$\psi’’(x|\theta)$ $\psi^{J/}(x)$ . , $\Theta$
$\Theta=\{\theta|\psi’’(x)>0 (\forall x\in[0,1])\}$ , $\psi^{;/}(x)=1-\sum_{u=1}^{\iota_{1^{7}}}\theta_{u}\pi^{2}u^{2}\cos(\pi ux)$
. $\Theta^{1it}$ :
$\Theta^{1it}:=\{\theta$ $1- \sum_{u=1}^{U}|\theta_{u}|\pi^{2}u^{2}>0\}$ .
3. $\Theta^{1it}\subset\Theta$ .
Proof. $\psi’’(x)\geq 1-\sum_{u=1}^{U}|\theta_{u}|\pi^{2}u^{2}(\forall x\in[0,1])$
$M\geq U+1$ $\psi_{M}^{l/}(x)$
$\psi_{M}’’(x):=1-\sum_{u=1}^{U}\frac{\theta_{u}\pi^{2}u^{2}}{1-u/M}\cos(\pi ux)$
. , $1/M$ $L_{M}=\{v/M\}_{v=0}^{M}$ ,
$\Theta_{M}=\{\theta|\psi_{M}’’(x)>0 (\forall x\in L_{M})\}$
. $\Theta_{M}$ . 6
, $\Theta_{M}$ $\Theta$ . ,
Bochner ( Feller 1971 ).
4. $M$ . $(f_{u})_{u\in Z}$ $2Af$ , $f_{-u}=$
$f_{M}=0$ . , $\sum_{|u|\leq M-1}f_{u}\cos(\pi ux)$ $x\in L_{M}$
$(f_{u-v})_{u,v\in Z}$ .
5. $U$ . $(f_{u})_{u\in \mathbb{Z}}$ , $f_{-u}=f_{u}$ $f_{u}=0$ (if
$|u|\geq U+1)$ . , $\sum_{|u|\leq U}f_{u}\cos(\pi ux)$ $x\in[0,1]$
$(f_{u-v})_{u_{2}v\in Z}$ .
6. :
$\Theta=\bigcup_{M_{0}\geq U+1}\bigcap_{M\geq M_{0}}\Theta_{M}=\bigcup_{M\geq U+1}\Theta_{M}$
.
Proof. 3 .
(i) $x\in[0,1]$ $\psi’’(x)>0$ .
(ii) $M_{0}\geq U+1$ , $M\geq M_{0},$ $x\in L_{M}$ $\psi_{M}’’(x)>0$ .
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(iii) $M\geq U+1$ , $x\in L_{M}$ $\psi_{M}^{\prime/}(x)>0$ .
, $($ i) (ii) . (i) . $[0,1]$ ,
$\min_{x\in[0,1]}\psi’’(x)>0$






, (ii) . , (ii) (iii) . (iii) (i) . (iii)
. $2M$ $(f_{u})_{u\in \mathbb{Z}}$ :
$f_{u}=\{\begin{array}{ll}1 if u=0-\frac{\theta_{|u|}\pi^{2}u^{2}}{2(1-|u|/M)} if 1\leq|u|\leq U0 if U+1\leq|u|\leq M\end{array}$
(iii) 4 , $(f_{u-v})_{u,v\in \mathbb{Z}}$ , $(f_{u-v}1_{\{u)v\in\{0,\cdots,M-1\}\}})_{u,v\in \mathbb{Z}}$
. ,
$\frac{1}{M}\sum_{t\in \mathbb{Z}}f_{(u-t)-(v-t)}1_{\{u-t,v-t\in\{0,\cdots,M-1\}\}}=\{\begin{array}{ll}1 if u-v=0,-\frac{\theta_{|u-v|}\pi^{2}(u-v)^{2}}{2} If 1\leq|u-v|\leq U0 if U+1\leq|u-v|\end{array}$
. , 5 (i) .
, . $F_{u}:=-\theta_{u}\pi^{2}u^{2}$
.
1( ). $U=3,$ $F_{1}=0,$ $F_{2}=0.5,$ $F_{3}=1$ , $\psi’’$
$\psi’’(x)=1+0.5\cos(2\pi x)+\cos(3\pi x)$
. $\psi^{\prime l}$ $[0,1]$ ( , $\psi’’(1/3)=$
$-1/4$ ) . , $L_{4}=\{v/4\}_{v=0}^{4}$





1: $(F_{u})$ . , $M=3,5,10,20,$ $\infty$
( ) $\Theta_{M}$ . , $\Theta^{1it}$ .
2. $m=1,$ $U=2,$ $\mathcal{U}=\{1,2\}$ , :
$|F_{1}|<1+F_{2} \leq\frac{|F_{1}|}{4}$ $or$ $(F_{2}- \frac{1}{2})^{2}+\frac{F_{1}^{2}}{8}<\frac{1}{4}$ .
$\Theta,$ $\Theta_{M}(M=3,5,10,20),$ $\Theta^{1it}$ 1 .
3. $m=1,$ $\mathcal{U}=\{1,3\}$ 2(a) , $\mathcal{U}=\{1,4\}$
2(b) .
4 $(m>1$ $)$
SGM ($m\geq 1$ , $\mathcal{U}\subset \mathbb{Z}$ ) , $\Theta$ .
$\nabla\nabla^{T}\psi(x|\theta)$ $\nabla\nabla^{T}\psi(x)$ . $\Theta$




$(\forall j=1, \cdots, m)$ .





2: $(F_{u})$ . , $M=5,10,20,500$
$\Theta_{M}$ . , $\Theta^{1it}$ . (a) $\mathcal{U}=\{1,3\}$ , (b)
$\mathcal{U}=\{1,4\}$ .
Proof. $\theta\in\Theta^{1it}$ . $x\in[0,1]^{m}$ $\nabla\nabla^{T}\psi(x)\succ 0$ .
$\cos$
$\prod_{j=1}^{m}\cos(\pi u_{j}x_{j})=2^{-m}\sum_{b\in\{-1,1\}^{m}}\cos(\pi b^{T}D(u)x)$
. $D(u)$ $u$ .
$\nabla\nabla^{T}\psi(x)$ $=$ $\nabla\nabla^{T}(\frac{1}{2}x^{T}x+\sum_{u\in \mathcal{U}}\theta_{tl}2^{-m}\sum_{b\in\{-1,1\}^{m}}\cos(\pi b^{T}D(u)x))$
$=$







, $\mathcal{U}$ , $\Theta^{1it}$ $\Theta$ .
8. $\mathcal{U}=\{u(1), \cdots , u(m)\}$ , $u(1),$ $\cdots$ , $u(m)$ modulo 2
. $\Theta$ lit $=\Theta$ .
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Proof. , $\Theta\subset\Theta^{1it}$ . $\theta=(\theta_{u})_{u\in \mathcal{U}}\in\Theta$ .
$x\in\{0,1\}^{m}$ $\nabla\nabla^{T}\psi(x)$ . $\partial_{j}^{2}(\prod_{j=1}^{m}\cos(\pi u_{j}x_{j}))=$
$-\pi^{2}u_{j}^{2}(-1)^{u^{T}x}$ . , $\mathcal{U}$ ,







. $\theta\in\Theta$ lit .
5 :
$\mathcal{U}=\{0,1\}^{m}$ SGM ,
. Sei (2008) .
(1997) .
, $m=3$
$\psi(x|\theta)=\frac{1}{2}x^{T}x+\theta\cos(\pi x_{1})\cos(\pi x_{2})\cos(\pi x_{3})$
( $\theta_{(1,1,1)}$ $\theta$ ). $p(x|\theta)$
$p(x|\theta)=\det(1-\theta\pi^{2}ccc_{3}\theta\pi^{2}s_{1}c_{2}s_{3}\theta\pi^{2}s_{1}s_{2}c_{3}$ $1-\theta\pi^{2}c_{1}c_{2}c_{3}\theta\pi^{2}c_{1}s_{2}s_{3}\theta\pi^{2}ssc_{3}$ $1-\theta\pi^{2}c_{1}c_{2}c_{3}\theta\pi^{2}c_{1}s_{2}s_{3}\theta\pi^{2}scs$
. $c_{\eta}$ $:=\cos(\pi x_{i}),$ $s_{i}$ $:=\sin(\pi x_{i})$ . $|\theta|\ll 1$
$p(x|\theta)=1-3\theta\pi^{2}c_{1}c_{2}c_{3}+O(\theta^{2})$
, $\theta$ 3 :
$/[0,1]^{3}p(x| \theta)(x_{1}-1/2)(x_{2}-1/2)(x_{3}-1/2)dx=\frac{24\theta}{\pi^{4}}+O(\theta^{2})$ .
$\mathcal{U}=\{0,1\}^{m}$ , $\theta_{u}$ $\{x_{j}|uj=1\}$
.








3: . (a) , (b) algebra
mechanics analysis .
6
, SGM $\Theta$ . $m=1$ ,
$\Theta_{M}$ $\Theta$ .
$m\geq 1$ $\Theta$ iit , $\Theta^{1it}\subset\Theta$ . , $m>1$
$\Theta$ .
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